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ESSENTIAL SPECTRA OF ELEMENTARY OPERATORS

BY

L. A. FIALKOW1

Abstract. This paper describes the essential spectrum and index function of the

operator X —» AXB, where A, B, and X are Hubert space operators. Analogous

results are given for the restriction of this operator to a norm ideal and partial

analogues are given for sums of such operators and for the case when the operators

act on a Banach space.

1. Introduction. The purpose of this note is to describe the Fredholm essential

spectrum and index function for a class of operators of the form X —» AXB, where

A, B, and X are Hilbert space operators. We also describe the essential spectra and

index functions of the restrictions of these operators to norm ideals. These results

thus complement the spectral analysis of multiplications initiated by Lumer and

Rosenblum [20].

Let % denote a separable, infinite-dimensional, complex Hilbert space and let

£,(%) denote the algebra of all bounded linear operators on %. For operators A

and B in £(%), let S = S (A, B) and <3" = <5(A, B) denote the operators on &(%)

defined by S (A") = AXB and <5(X) = AX - XB. More generally, let

{Ax, . . . , An) and {Bx, . . . , Bn) denote commutative subsets of t(%), and define

the elementary operator <& on t(%) by <3l(A") = 2"=, AiXBi [20]. Spectral proper-

ties of ÇR. were studied by Lumer and Rosenblum (in the more general context of

Banach algebras), who proved the spectral inclusion formula

°C&) C { 2 «,&: «, Ê a(Af), ßt E o(B,), 1< / < n J (#)

[20, Theorem 4].

In terms of applications, the most important elementary operators are the

multiplications S (A, B) and the generalized derivations ^(A, B); these have been

studied in great detail from a variety of viewpoints (e.g. [1], [2], [8], [10]). For these

operators, the spectral inclusion (*) reduces to equality [20, Theorem 10], [9,

Theorem 3.2]. Moreover, the spectral analysis of generalized derivations is essen-

tially complete: the right and left spectra [11], the approximate point and defect

spectra [7], the essential spectrum [13], the case of dense range [12], and the

semi-Fredholm domain and index function [14] have all been described. In this

note we provide the analogue of [13] for multiplications; the remainder of the

spectral analysis for multiplications appears in a companion paper [15]. The
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158 L. A. FIALKOW

techniques we use here are very similar to those employed in [13], but the results

themselves are almost entirely independent of [13].

For a norm ideal ($-, ||| • |||) in £(%), let S^ = %^(A, B) denote the restriction of

S to $•; clearly S and Sj are bounded operators on £(%) and j-, respectively. §§2

and 3 are devoted to proving the identity

*.(§) = °e(%) = o(A)ae(B) U ae(A)a(B)

(Theorems 3.1, 3.9) and to describing the index functions of S and S* (Theorem

3.8). (§2 is actually a listing of preliminary lemmas which can be referred to as

necessary in §3.) §3 also contains an essential spectral inclusion formula for

elementary operators (Theorem 3.13), the analogue of (*) for essential spectra.

The remainder of this section is devoted to notation and terminology. Let %

denote a complex Banach space and let £(9C) denote the algebra of all bounded

linear operators on 9C. For T in £(9C), let a(T) denote the spectrum of T and let

ar( T) and a¡( T) denote, respectively, the right and left spectra of T.

Let ker(F) and tfl(T) denote the kernel and range of T. Let nul(F) =

dim(ker(F)) and let def(F) = dim(9C/?)l(F)-) (where <3l(7V denotes the norm

closure of ^(T)). For x E %, let [x] denote the image of x in %/<>H(T)~. The

operator T is semi-Fredholm if "31(7") is norm closed and either nul(F) < oo or

def(T) < oo ; in this case the index of Fis defined by ind(F) = nul(F) - def(F). T

is Fredholm if "31(F) is closed and both nul(F) and def(F) are finite. Let ae(T)

denote the Fredholm essential spectrum of T, i.e. ae(T) = {X E C: F — Xlx is not

Fredholm}. Thus ae(T) coincides with the spectrum of the image of T in the

quotient algebra £(%)/%(%), where %(%) denotes the ideal of all compact

operators on 9C [21, Chapter VII, Theorem 2, p. 120].

Let % denote a separable infinite-dimensional Hilbert space and let T be in

£(%). Let f denote the image of T in the Calkin algebra £(%)/%(%). Let are(T)

and ale(T) denote, respectively, the right and left essential spectra of T, i.e.

are(T) = ar(T) and a/e(T) = a¡(T). A hole in ae(T) is a bounded component of

C\ae(T) [22, p. 2]; for the basic facts about essential spectra of Hilbert space

operators, we rely on the presentation in [22], from which we will borrow freely.

We require certain facts about norm ideals in ñ(%) (symmetrically-normed ideals

in the sense of [16]). If (fy, \\\ ■ |||) is a norm ideal, X E $-, and if A and B are in

£(%), then (i) ||*|| < |||*||| [16, p. 69]; (ii) |||*||| = |||**||| [16, p. 68], and (hi)

|||/1*£||| < MU |||*||| ||.8|| [16, p. 68]; we will use these results without further

reference. We will also make reference to [5] and [16] concerning ideal sets and the

notion of affiliation to an ideal. Because the results of [5] and [16] are presented

only in the context of separable Hilbert space, we have also formulated our results

in this setting. We note, however, that the main results of this paper are valid in the

nonseparable case, and the interested reader may wish to reformulate the results of

[5] and [16] so as to cover this case.

Let S(3C) and 6ll(%) denote, respectively, the groups of all invertible and

unitary operators in £(%). We denote similarity and unitary equivalence by — and

«a . In the sequel we will employ certain extensions of these relations. Operators T

and S in  £(%) are approximately similar (T~S) if there exists a sequence
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{*„} C S (DC) such that supJ|*J| < oo, sup„||A'^1|| < oo, and lim\\Xn'xTXn - S'il

= 0 [17]. T and S are approximately unitarily equivalent (TzaS) if there exists a

sequence {(/„}c %(%) such that lim\\U*TU„ - S\\ = 0 [17], [24]. Approximate

similarity and approximate unitary equivalence are equivalence relations in £(%).

2. Preliminaries. Let % denote a complex Banach space and let T be in £(9C).

Let

y(T) = inf{||Tx||:x E %, dist(x, ker(r)) > 1}

[2], [19, Chapter IV, p. 231]; the range of T is closed if and only if y(T) > 0 [19,

Chapter IV, Theorem 5.2]. Let % denote a separable infinite-dimensional Hilbert

space. For A and B in £(%), let S = S 0/1, Ti) denote the operator on £,(%)

defined by §(*) = AXB (X E £(%)). For a norm ideal (J-, ||| • |||) in £(%), let

Sj = SjL4, B) E £($-) denote the restriction of S to 5-. We start by recording

some results about y(Sj) that will be cited frequently in the sequel.

Lemma 2.1. If J E S (DC) and X E C, r/Wz

y(%C7-'A7, B) - A) < ||/|| \\J-x\\y(%%(A, B) - X).

Proof. We assume first that ||.7|| = 1. Let {*„} c % be a sequence such that

dist(*„, ker(c%0/4, B) - X)) > 1 and \\\AXnB - X*„||| < y(%L4, B) - X) + l/n
for n > 1. If Z G ker(Sj(y-'^y, 77) - A), then /1(.7Z)B = X(7Z). Thus Y =JZ E

ker(S^(/l, 7i) - A) and so |||*„ - y||| > 1. Now

\\\J-% - Z\\\ = \\\J^(Xm - T)||| > (l/\\J\\)\\\Xn - T||| > 1,

and thus dist(y-'*„> ^t(S^(J~xAJ, B) - X)) > 1. It follows that

y(^(J~xAJ, B) - A) < wy-Ují/-1*,,)* - A7-XIII

< ||/-I|||M*I1B-\*J||

< \\J^\\(y(^(A,B)-X) + l/n),

whence y(S^(J'xAJ, B) - X) < \\J-x\\y(^^(A, B) - A). For an arbitrary J G

S (%), the preceding case implies that

y(§}(j-xAj, b)-x) = y(m\\j\\j-xA(\\j\\-lj), b) - a)

< ||y||||/-,||y(S^,B)-A).

Lemma 2.2. For A G C, y(%L4, B) - X) = y(S}(B*, /I*) - X).

Proof. Let {*„} c f be a sequence such that dist(*„, ker(SjL4, B) — A)) > 1

and

\\\AXnB - A*„||| < y(c%L4, B) - X) + l/n    for« > 1.

If Y E $ and B* 74* = XT, then^T*B = XY* and so |||** - y||| = |||*„ - 7*|||

> 1. Thus dist(**, ker(S3(B*, A*) - X)) > 1. Now

y(Sj(B*, A*)-X)< \\\B*X:A* - X**|||

= \\\AX„B - X*„||| < y(^(A, B) - X) + l/n.
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Thus y(Sg.(B*, A*) — X) < y(S$(A, B) — X) and the result follows by replacing A

by B*, Bby A*, and X by X.

Lemma 2.3. If A~ A' and B ~ B', then <3l(Sj04, B) - X) is closed if and only if

<3l(Sf(/í', B') - X) is closed.

Proof. We assume first that B' = B. There exists a sequence {*„} c S(%) and

there exists M > 0 such that ||*„|| < M, \\X„-X\\ < M (n > 1) and \\X;XAX„ - ,4'||

-^0. For* G %,

\\\(X-xAXnKB -XK)- (A'KB - XK)\\\

= \\\{X;xAXn - A')KB\\\ < \\X~xAXn - A'\\ |||*||| \\B\\,

and thus

lim\\{%%{X-xAXn, B) - X) - (%%(A', B) - X)\\ = 0.

Lemma 2.1 implies that

y(^(XnxAXn, B) - X) > (1/ (||*„|| ll*,,-1!!))^^, B) - X)

> (l/M2)y(SX4, B) - X)        (n > 1),

and it follows from [2, Lemma 1.9] that

y(Sf(A', B) - X) > (l/M2)y(^(A, B) - X).

Thus tflÇà^A', B) — X) is closed if ^(Sji/l, B) — X) is closed, and the converse

follows by symmetry.

The general case follows from this case and Lemma 2.2 by the following

sequence of implications.

y(S^, B) - X) > 0<=*y(SjL4', B) - X) > 0

«. y(Sj(B*, A'*) - X) > 0 «=> y(Sj(B'*, A'*) - X) > 0

<=>y(Sj(/L, B') -X) >0.

Lemma 2.4. If A ~ A' and B ~ B', i/te« nul(Sj(^, B) - X) = nuKSj/M', B') - X)
an<7 def^C/I, B) - X) = def(S^', B') - X).

Proof. Let U and V denote invertible operators such that A' = U~XAU and

B' = F"'BK. The mapping * -h> UXVX is an isomorphism of ker(SjL4', B') - X)

onto ker(Sj(/l, B) — X). Similarly, the mapping [ Y] —>• [UYV~X] is an isomorphism

of corange(S<jL4', B') — X) onto corange(S^(/l, B) — X).

Proposition 2.5. If A ~ A' and B~B', then %ÁA, B) — X is semi-Fredholm if
a a *

and only if %AA', B') — X is semi-Fredholm, and in this case

nul(Sj(,4, B) - X) = nul(SjC4', B') - X),

dcf(^(A, B)-X) = def(^(A', B') - X),

and

ind(S^A, B) - X) = ind(S^', B') - X).



ESSENTIAL SPECTRA OF ELEMENTARY OPERATORS 161

Proof. There exist uniformly bounded sequences {*„} c S(3C) and {Y„} c

S (DC) such that {*„'} and {Y~l) are uniformly bounded, lim||*n-^*„ - A'\\ = 0,

and lim|| Y~xBYn - B'|| = 0. If %<^(A', B') - X is semi-Fredholm, then, since

{Sj(*„-U*n, Y'xBYß - X) converges to S>f(A', B') - X in £(£), it follows from

[19, Chapter IV, Theorem 5.22, p. 236] that for a sufficiently large value of n,

§>^(X~xAXn, Y~xBYß - X is semi-Fredholm with

nul(S^(*„U*n, Y~xBYn) - X) < nul(S^', B') - X),

dcf(^(X-xAXn, Y~xBYn) -X)< dcf(^(A', B') - X),

and

ind(Sj(*„-^*„, YnxBYn) - X) = ind(S^', B') - X).

Lemmas 2.3 and 2.4 now imply that SjL4, B) — X is semi-Fredholm and that

nul(Sj(¿, B) - X) = nul(S}(Xn-xAXn, Y~xBYn) - X)

< nul(Sj(/J\ B') - X),

dd(^(A, B) - X) = def(Sj(*„-l4*„, y^) - X)

< def(S^', B') - X),

and

ind(Sj04, B) - X) = ind(S^(*n-^*n, y^'By,,) - X)

= ind(S^', B') - X).

The result follows by the symmetry of approximate similarity.

Lemma 2.6. nul(S%(A, B) - X) = nul(S^(B*, A*) - X) and def(%%(A, B) - X) =

def(Sj(B*, A*) — X).  Moreover,   S^(A, B) — X  is semi-Fredholm  if and only  if

SjXB*, A*) — X   is   semi-Fredholm,   and   in   this   case   ind(S<j(v4, B) — X) =

ind(S^(B*,yl*)-X).

Proof. The mapping * -^ X* is a conjugate linear isomorphism of

ker(Sj(^, B) - X)    onto    ker(S^(B*, A*) - X);

similarly, the mapping [*] -^>[**] is a conjugate linear isomorphism of

corange(Sj(/i, B) — X)    onto    corange(S^(B*, A*) — X).

The result follows from these observations and an application of Lemma 2.2.

We require slightly different versions of Lemmas 2.1 and 2.4. Let 9C, and DCj

denote nontrivial Hilbert spaces of arbitrary dimensions with A E £(5C,) and

B G £(%), Define S s $(A, B) G £(£(DCj, %)) by §(*) = ,4*B. It follows

from [9, Theorem 3.2] that a(S ) = a(A)a(B).

Lemma 2.7. Le/ X G C. If A' ~ A and B' ~ B, f«e« nul(S(/l', B') - X) =

nul(S(^l, B) - X), def(S(/T, B') - X) = def(S(/l, B) - X), W §(/!', B') - X has

closed range if and only if S (A, B) - X has closed range. In particular, S (A', B') -

X is semi-Fredholm if and only if c>(A, B) — X is semi-Fredholm, and in this case

ind(§(A', B') - X) = ind(S04, B) - X).
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Proof. The proof is a slight variation of the proofs of Lemmas 2.1 and 2.4; we

omit the details.

In the next lemma we return to our previous context (3C, = %2 = %

(separable)).

Lemma 2.8 [4], [20]. o(%¿A, B)) = a(%(A, B)) = a(A)a(B); if X E

C \ o-(S(y4, B)) and X E %, then (% - X)~X(X) G %.

Proof. The identity a(c>(A, B)) = a(A)a(B) is due to Lumer and Rosenblum

[20, Theorem 10], and the identity a(%^(A, B)) = a(A)a(B) was first given by

Brown and Pearcy [4] (cf. [9]). Recall from [9, Theorem 3.2] that if X £ a(§>(A, B)),

then

(S(A, B) - X) '(*) = 2~¡{Az - Xy1X(z - B)~x dz,

where T is the boundary of a Cauchy domain D that contains a(B) and such that

Az — X is invertible for all z in D ~. It follows as in the proof of [10, Theorem 3.20]

(concerning (t(A, B) - X)"1) that if * G %, then (%(A, B) - X)~l(X) E %.

Recall that if DC, and %^ are infinite-dimensional (separable) Hubert spaces,

% C £(%) is a norm ideal, and T G £(3^, 3C,), then T is said to be affiliated with

f if the characteristic sequence of (T*T)X/2 belongs to the ideal set of $■ [5]. For

A E £(3C,) and B G £(%ß consider S = SL4, B) G £(£(X,, %)) as defined

above.

Lemma 2.9. Let % be a norm ideal in £(%ß and let X G C\ a(S). If X G

£(X,, %x) is affiliated with %, then (S - X)~X(X) is affiliated with %.

Proof. Let U: DCj -* DCj be an isometric isomorphism of DC, onto %2. Let Lv:

£(%, %x) -» £(3^) be defined by Ly(Y) = UY, and let L^: £(%,) -» £(DCj, %)
be defined by LV.(Y) = U* Y; clearly Lv. = L,}1. Define R = Ly'èLy, E

£(£(X,)) and note that

(7? - x)-1 = (m§ - x)l(/.)"' = M§ - xrV.
If * G £(X¡, %ß is affiliated with f, then UX G %. Since R - X =

%(UAU*, B) - X, Lemma 2.8 implies that (R - X)~X(UX) G Í. Now

i/(S - x)-'(*) = l<,(S - xy'Lfj.iux) = (r- xyx(ux) e %,

and thus (S - X)_1(*) is affiliated with %.

Let % be a separable infinite-dimensional Hubert space and let <D1L and 91

denote proper infinite-dimensional subspaces of %. Let $ denote a norm ideal in

£(9C) and let $-' denote the (unique) norm ideal in £(9H) having the same ideal

set, J, as that of f. Consider the identification

£(3C) = £(3C © 3C) = £(91LX © 91, 91 © 9lx),

and for* G £(%), let

/*..     *I2\

\ "*21        ^22 /

denote the operator matrix of * relative to this decomposition.
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Lemma 2.10. 7/*,2: 91L -> 91 is affiliated with %' and *,„ *2„ and X22 are finite

rank operators, then X E fy.

Proof. Since *,,, *21, and *22 are finite rank operators, it suffices to prove that

the operator Y with matrix

10    *,2\

lo     0 /
belongs  to  %. Since *,2 is affiliated with $', the characteristic sequence of

(**2*12)1/2 belongs to J; [6, Lemma 1.2] implies that the characteristic sequence of

(Y* Y)x/2 = Og^x © (*f2*12),/2 also belongs to J and the result follows.

We next record a simple but useful topological fact.

Lemma 2.11. Let % and °V denote open bounded nonempty subsets of the plane and

let a G %, ß G T. Then there exists a positive real number t0 such that (i)

t0a E bdry(%) and ß/t0 E T~, or (ii) t0a G % and ß/t0 G bdry(cY).

Proof. Since % and T are open, a G %, ß G % there exists 8 > 1 such that if

1 < t <8, then ta G % and B/f G T. Since % is bounded, there exists 80 > 8

such that 80a E bdry(%) and ta G % for 1 < / < 8Q. If ß/S0 G T", we may set

t0 = Óq. If ß/80 G T, then since T is bounded and open, there exists fi,, 1 < 5, <

50, such that ß/5, G bdry(T). Since 1 < 5, < ô0, 8xa E %, so we may set t0 = §,;

the proof is complete.

We conclude this section with some results from [13] and [14] that we will cite

frequently in the sequel. The first result is due to C. Apóstol [2, Lemma 2.2] (in a

slightly different form) and depends on D. Voiculescu's noncommutative Weyl-

von Neumann theorem [24].

Lemma 2.12 [13, Lemma 2.10]. Let % be an infinite-dimensional Hubert space and

let Tbein £(%).

(i) 7/ 0 G a,(T), then either nul(7) > 0 or 0 G o¡e(T); if 0 E aIe(T), then there

exists Sas Tsuch that nul(S) = oo.
a

(ii) 7/ 0 G ar(T), then either mxl(T*) > 0 or 0 G are(T); if 0 G ore(T), then there

exists S m T such that nul(S*) = oo.
a

Lemma 2.13 [13, Lemma 2.14]. Let % be a Hilbert space and let T be in £(DC). If

a(T) = U,"=i a¡, where each a, is a nonempty closed subset of a(T) and a, n a,- = 0

for i ¥=j, then there exists an orthogonal decomposition % = 0C, ffi • • • ©0C„ and

operators T¡ E £(3C,), such that a(T¡) = a, (1 < / < n) and such that T is similar to

T = Tx © ■ • • © T„.

Consider the case when, for some i, a¡ = (X) (a singleton) and T — X is

Fredholm. In this case the Riesz subspace for T corresponding to {X} is finite

dimensional and we denote its dimension by m( T, X). If we denote this subspace by

9H, then there exists k > 0 such that 9IL = {x G %: (T - X)kx = 0}. Moreover,

91L is isomorphic to the subspace %¡ described in Lemma 2.13 (since DC, is the

Riesz subspace for T corresponding to {X}), and thus dim(DC,) = dim(9tt) =

m(T,X)(< oo).
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Let DC and % be nontrivial Hubert spaces with DC finite dimensional. For

T G £(DC) define LT E £(£(%, DC)) by Lr(*) = 7*. Define RT G £(£(DC, DC))

by R^X) = XT.

Lemma 2.14 [14, Lemma 3.5], [13, Lemma 2.9]. If T is Fredholm, then LT is

Fredholm with ind(LT) = ind(T)dim(DC) and RT is Fredholm with ind(Br) =

-ind(T)dim(%).

3. Essential spectra of multiplications. In this section we characterize the essential

spectra and index functions of the multiplications S (/I, B) and §>AA, B). The main

result, which follows, is the analogue of the Brown-Pearcy identity a(%^(A, B)) =

a(A)a(B) [4].

Theorem  3.1. o^AA, B)) = ae(A)a(B) u a(^l)ae(B).

Throughout this section, unless otherwise noted, DC denotes a separable

infinite-dimensional Hubert space, A, B E £(%), and (f, ||| • |||) denotes an arbi-

trary norm ideal in £(DC). It is convenient to introduce the following notation:

a = a(A, B) = ae(A)a(B) U a(A)ae(B);

alr(A, B) = a,(A)are(B) U ale(A)ar(B);

ar,(A, B) = ar(A)ale(B) u are(A)a,(B);

o„(A, B) = a,(A)a,e(B) U ale(A)a,(B);

arr(A, B) = ar(A)are(B) U are(A)ar(B);

clearly

a = ah(A, B) u arl(A, B) u a„(A, B) u arr(A, B).

We begin the proof of Theorem 3.1 with a sequence of lemmas which together

show that a c oe(%<A[A, B)).

Lemma 3.2. alr(A, B) c ae(¿^(A, B)); moreover, ifXE a,r(A, B) and S^(A, B) —

X is semi-Fredholm, then ind(c>^(A, B) — X) = +00.

Proof. Let X G o/r(A, B). It follows from Lemma 2.12 that there exist a G a ¡(A),

ß E ar(B), A' ?xA, and B' œ B such that aß = X and (i) nul(y4' - a) = 00 and

def(B' - B) > 0, or (ii) nul(V - A) > 0 and def(B' - ß) = 00. Let DC, and DCj

denote copies of DC and consider the decompositions

DC, = kerL4' - a) © <3L((A' - a)*)~

and

DC, = ker((B' - ß)*) © <3l(ß' - ß)~ .

Relative to these decompositions, the operator matrices of A' E £(DC,), B' G

£(DQ, and * G £(DC) = £(%,, DC,) are of the form

A.m(*  A»\  B>-1 ß    M  x = íXxx  Xx2)
\0     aJ    ß       \B2X     B22)'    X      \X2X     X22J-
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Let S = {* G £(DC): *,2, *2I, and *22 are zero operators and *,, is a finite rank

operator}. A calculation shows that for * G S, A'XB' — aßX = 0. Since (i) and

(ii) (above) imply that £(ker((B' - ß)*), ker(A' — a)) is infinite dimensional, then

S c $ is infinite dimensional, and thus nul(Sj.C/T, B') — A) > dimOF) = oo. Thus

S<jL4', B') - A is not Fredholm, and if §^(/i', B') - A is semi-Fredholm, then

ind(Sj(>T, B') — X) = +00. The result now follows from Proposition 2.5.

Lemma 3.3. arl(A, B) c ae(S^(A, B)); Moreover, ifXE ar,(A, B) and SjL4, B) -

A is semi-Fredholm, then ind(S^(A, B) — A) = -00.

Proof. If A G arl(A, B), then Lemma 2.12 implies that there exist a G ar(A),

ß G a,(B), A' « A, and B' « B such that aß = X and (i) nul((^' - a)*) = 00 and

nul(B' - ß) > 0, or (ii) nul((/L - a)*) > 0 and nul(B' - ß) = 00. Relative to the

decompositions

% = % = ker((A' - a)*) © <3l(A' - a)~

and

DC, = DC = ker(B' - ß) © <3l((B' - ß)*)~ ,

the operator matrices of A' E £(DC,), B' G £(%,) and * G £(DC) = £(%, DC,)

are of the form

A' = W Lr B' = \o ó x = \x2\ *22|

Let 'S = {* G £(DC): *21, *12, and *22 are zero operators and *,, is a finite

rank operator}. For * G fy, a calculation shows that the matrix of A'XB' — XX is

of the form ¿ ;), and thus def (SA^A', B') - X) > dim(f) = 00. The result now

follows from Proposition 2.5.

Lemma 3.4. a „(A, B) c ae(^^(A, B)).

Proof. We give the proof for the inclusion al(A)ale(B) c ojÇèA^A, B)); the proof

of the other inclusion is similar and will be omitted. Let a G a¡(A), ß G ale(B), and

let A = aß; we seek to show that SA A, B) — X is not Fredholm.

If a G ar(A), the result follows from Lemma 3.3, and if ß E are(B), the result

follows from Lemma 3.2. We may thus assume that a G % = a(A) \ ar(A) and

that ß G T = ae(B) \ are(B). % and T are bounded open subsets of the plane and

Lemma 2.11 implies that there exists a positive real number t0 such that

(i) t0a E bdry(^l) and ß/t0 G T", or

(ii) t0a E % and ß/t0 G bdryí'V).

In case (i), t0a G bdry(%) c ar(A) and ß/t0 E °V~ c ale(B); thus

X=(t0a)(ß/tßEar(A)ale(B)

and the result follows from Lemma 3.3. In case (ii), t0a G % c a,(A) and ß/t0 G

bdry(T) c are(B), so the result follows from Lemma 3.2.

Lemma 3.5. arr(A, B) c aJß^(A, B)).
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Proof.  If A G arr(A, B), then X G au(A*, B*) and Lemma 3.4 implies that

S<¡,(B*, A*) — A is not Fredholm. The result now follows from Lemma 2.6.

We note that the preceding two proofs actually show that

o„(A, B) u arr(A, B) C arl(A, B) U a¡r(A, B).

Proof of Theorem 3.1. It follows immediately from Lemmas 3.2-3.5 that

a(A)ae(B) U oe(A)a(B) c ae(Sf(A, B)).

To prove the reverse inclusion we require the following two preliminary lemmas.

Lemma 3.6. 7/a G a(A), ß G a(B), and X = aß £ a(A, B), then a is an isolated

point of a(A) or ß is an isolated point of a(B).

Proof. Suppose to the contrary that a is not isolated in a(A) and ß is not

isolated in a(B). Since a G a(A), ß G a(B), but aß £ a(A, B), then a £ ae(A) and

ß £ ae(B). Thus there exists a hole % in ae(A) and a hole T in ae(B) such that

a G %. c <t(/1) \ ae(^) and ß G T C <r(B) \ ae(B). Lemma 2.11 implies that there

exists / > 0 such that

(i) ta E bdry(9l) and j8/(eT,or

(ii) ta E % and ß/t G bdry(T).

In case (i), since bdry(%) c ae(A) and T~ c a(B), we have

A = aß = (ta)(ß/t) G o-^)o-(ß) C a(A, B),

a contradiction. In case (ii), since bdryCT) c ae(B) and % c a(A), we have

A = (ta)(ß/t) G a(^l)ae(B) c a(^, B),

also a contradiction. The proof is complete.

Lemma 3.7. Let X G o-(,4)a(B) \ a(v4, B). T/ie« X^O and the set {(a, ß) G a(y4)

X a(B): aß = X] is finite.

Proof. Suppose to the contrary that A = 0. Since 0 G a(A)a(B), either 0 G a(A)

or 0 G a(B). In the first case, since ae(B) =£ 0, it follows that 0 G a(A)ae(B) c

a(A, B), a contradiction; if 0 G a(B), then 0 G ae(A)a(B), which is also a con-

tradiction. Thus A =f= 0 and it suffices to prove that * = {(a, ß) G a(A) X a(B):

aß = A} is finite.

Suppose the contrary and let {(an, ß„)}^=1 denote a sequence of distinct points

of *. Note that for n =£ m, an =£ am and ß„ ¥= ßm; for if an = am, then ßn = X/an

= X/am = ßm, which contradicts the assumption that the points are distinct.

Similarly, ßn ¥= ßm for n =£ m. Passing to a subsequence if necessary, we may

assume that a„ —> a and ß„ —> ß; clearly a G a(A), ß E a(B), and aß = A £

a(y4, B). However, since a is not isolated in a(A ) and ß is not isolated in a(B), we

have a contradiction to Lemma 3.6.

We are now in a position to prove that ae(c>AA, B)) c a(A, B). Since, from

Lemma 2.8, a(%^(A, B)) = a(A)a(B), it suffices to prove that if

A G a(A)a(B)\a(A,B),

then SA A, B) — A is Fredholm; we will also compute ind(SgL4, B) — A) in this

case.
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Let DC, and % denote copies of DC, A G £(DC,) and B G £(%ß. We identify

£(DC) with £(DC2, DC,) and regard S(A, B) as an operator on £(%2, DC,). Let

X E a(A)a(B)\ a(A, B). It follows from Lemmas 3.6 and 3.7 that there exist

integers p and n, p > n > 0, p > 0, distinct nonzero points ax, . . . , a„, . . ., a^ G

a(A) \ ae(A), and distinct nonzero points ß,, . . . , ßn, . . ., ßp E a(B) \ ae(B) such

that the following properties are satisfied:

(1) a,.ß,. = X, 1 <i<p;

(2) if n > 0, then a, is isolated in a(A), 1 < / < n;

(3) ifp > n, then ß, is isolated in a(B), n + 1 < i < p;

(4) {(a, ß) G a(A) X a(B): aß = X} = {(«„ ß,)}?=1.

(It may happen that each ß, is isolated in a(B), in which case we may take n = 0

and {(a,, ß,), . . . , (a„, ß„)} is missing. Similarly, if each a, is isolated in a(A), we

may take p = n, so that {(a„+,, ßn+\), ■ ■ ■ , («p, ß^,)} is missing. In the sequel we

assume that 1 < n <p; the other cases entail certain obvious modifications (sim-

plifications) of the following argument.)

From Lemma 2.13, there exists an orthogonal decomposition DC, = 91L0

© • • • ©91L„ and operators A¡ E £(91tj) (0 < i < n) such that

(5) 91L, is finite dimensional, 1 < i* < n;

(6)a(Ai)= {a,}, 1 < i < n;

(l)a(Aßn {a„...,a„} =0;

(8) A is similar to A' = A0 © Ax © • • • ®An.

Similarly, there exists an orthogonal decomposition DC2 = 5^+, © • • • ©DC©

%p + x and operators B, G £(DC,) (« + 1 < i < p + 1) such that

(9) DC, is finite dimensional, n + 1 <;'</?;

(10) a(B,.) ={£.},«+ Ki <p;

(ll)a(Bp + l)n{ßn+x,...,ßp)=0;

(12) B is similar to B' = Bn+X © • • • ©B^,.

Our goal is to show that S^(A', B') - X is Fredholm and to calculate its index,

for the result will then follow from Proposition 2.5. Relative to the above decom-

positions of DC, and %2, let (*y)0<,<n, n+i<y<P+i denote the operator matrix of an

operator * G £(DC) = £(%, DC,); thus Xtj G £(DÇ, DC,). As a notational conve-

nience we will refer to the rows of any such operator matrix as row 0, . . . , row n,

and to the columns as column n + 1, . . ., column/» +1.

Since A' = A0 © ■ ■ • ®An and B' = B„+1 © • • • ®Bp+x, for each * = (Xß G

£(DC), the matrix of S'(X) =A'XB' - XX is of the form (1).

^(y^o.n + i^n + i — °7i + ifti+i-^o.n + 1 '    ' AqX0¡)Bp — OpßpXcp       ^oXo,p+\Bp + i —riX0p + x

^l^l,n + l^n + l  — "n+l Ai+l^l,n+l '      ' AxXXpBp — <XpßpXXp       A \XXp + xBp+ ,  — <*\ß\Xx p+x

■AjXj,n+\Bn + \ ~ an+\ßn+\^2,n+\ '      ' A2XlpBp - apßpX2p      A2X2p+xBp+x — C2ß2X2^p+x

4''«,« + l°n+l  — an+lPn+l^n,n+l '      ' -^n^n,p°p ~ "pPpXn.p       ^nXn p+xBpJrX  — CtnßnXnp+x

(O
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(^0 - an-n)X0.n+lßn+l ' ' ' (A0 ~ ap)X0,pßp

^l^l.n+l^n+1 ~~ an + \ßn+\X\,n+\ '      ' ^l^l.p^p ~ apßpX \,p

A2X2^i+\Br>+\  -  an+lßn+\X2,n+\ '  '  ' A2X2,pBp ~ apßpX2,p

AnXn,n+\Bn+\  ~ an+ 1 A.+ 1 Xn,n+ 1 '   '   - AnXn,PBp ~ <XpßpXn,p <*nXn,p+l(BP+l ~ ßn)

For * G £(DC), let R(X) be defined by the matrix which modifies the first row

and last column of S'(X) as in (2). We will prove that R\f is Fredholm and then

conclude that SA^A', B') — X = S'\j- is Fredholm by a perturbation argument.

Let R0(X), X E £(%j, DC,), 0 < / < n, n + 1 < j < p + I, be the operator on

£(DCy, DC,) defined by the row i, column j entry of R(X). It follows from (4), (7),

(8), (11), and (12) that A G a(Aßa(Bp+x), so [9, Theorem 3.2] implies that R0,p + i =

S(A0, Bp + X) — X is invertible. Let 1 < i < n and n + 1 < j < p. Since a(A¡) =

{a,} (1 < /' < n) and a(Bß = {ßß (n + 1 < j < p), and since the ß7's are nonzero

and the a,'s distinct, it follows that a,/?, £ a(Ai)a(Bß. Thus B,y = S (A„ Bß - Ujßj

is invertible for 1 <i < n and n + 1 < j < p [9].

To show that B|^ has closed range, let {Xk}ka_x c $-, Y G \, and suppose that

\\\R(Xk) - Y m ->0. Let B, (0 < / < n) denote the orthogonal projection of DC,

onto 91L, and let Qj (n + 1 < j : < p + 1) denote the projection of DC, onto DC,. For

each i and j,

ii*,.((**),.) - y0\\ = ii**,(*(**) - y)qjw

< hip,(*(^) - y)Qj\\\ < mm - y\\\-+o.
Since Y E f, then P0YQp+x E $., and [6, Lemma 2.1] implies that YQp+x is

affiliated with the ideal $-' c £(3^+,) whose ideal set is identical to that of f.

Since B0p+, is invertible, Lemma 2.9 implies that there exists X0p+X £

£(9Ç+i, %>) such that X0¡p + X is affiliated with %' and R0,P+i(X0,p+ù = \p+x.

For 1 < /' < n and « + 1 < j < p, RtJ is invertible; thus there exists XtJ G

£(DCy, DC,) such that R^Xß = Y0; note that since DC,- and DC, are finite dimen-

sional, each such *,-, is a finite rank operator.

We consider next the operators R0J, n + 1 < j < p, defined by

B0,,(*) = (A0 - aßXßj        (* G £(%, DQ).

Since oLj £ ae(A) = ae(A'), (8) (above) implies that A0 — a, is Fredholm; therefore,

since DC, is finite dimensional, Lemma 2.14 implies that R0J is Fredholm and

ind(R0ß = ind(A0 - a,)dim(DC,)

= ind(^T - aßm{B', ßß = ind(A - aßm{B, ßß.

In particular, since Rqj has closed range, there exists X0J G £(DC,, DCq) such that

R0j(X0ß = Y0j. Similarly, since DC, is finite dimensional and Bp+X — ß, is Fred-

holm (1 < i < n), then Rip+X is Fredholm for 1 < i < n, and

ind(B1>+1) = -ind^, - ß,)dim(91L,)

= -ind(B' - ß,)m(A', a,) = -ind(B - ß^m(A, a,).

Aoxo,p+\Bp + i     ^rv+i

«^UP+ÁBp + i - ßu

<*2X2,P+i(Bp + l - ß2)
(2)
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In particular, there exists Xip+X E £(%p + x, DC,) such that B,/,+ ,(*,/J+1) = Yip + X

(1 < / < n).

Let * G £(DC2, DC,) be defined by the operator matrix (Xß. Since X0p+X is

affiliated with f and Xtj is a finite rank operator for i ^ 0 or 7 ¥=p + 1, Lemma

2.10 implies that * G f. Since R(X) = Y, it follows that R\f has closed range.

To calculate the index of R\f, note that B(> is invertible for /' > 0 and j <p + 1,

and B0/)+, is invertible. Since DC, (1 </'<«) and %¡ (n + 1 < j < p) are finite

dimensional, it follows that

nul(B|£) = nul(B) =    £     nul(*J + ¿  nul(^+1) < 00
j = n + 1 1 = 1

and

def(B|£) = def(B) =    ¿     def(B0J) + 2  M^>+,) < 00.
7=n+l i=l

Thus B |^ is Fredholm and

ind(B|£)=    ¿     ind(B0j) + ¿  ind(B(>+1)
j = n + 1 i'=l

=    2     ind(¿ - «>(£, ßß - 2  ind(B - ß,)m(A, a).
j=n+\ 1=1

[19, Chapter IV, Theorem 5.22, p. 236] implies that there exists e > 0 such that

(i) if S G £(£) and \\R\j- - S\\ < e, then 5 is Fredholm and ind(S) = ind(B|£);

(ii) if S E £(£(%j, DQ,)) and ||S - B0J|| < e, then S is Fredholm and ind(S) =

ind(R0ß, n + 1 < j < p; (iii) if S G £(£(DC/)+,, DC,)) and ||S - B,>+1|| < e, then

S is Fredholm and ind(S) = ind(Ri p+x), 1 < / < n.

For n + 1 < j < p, Bj — ßj is nilpotent; thus there exists an invertible operator

Kj G £(DÇ) such that \\A0\\ \\Kf\Bj - ßßKß\ <e/p. Similarly, since A¡ - a¡ is

nilpotent for I < 1* <, n, there exists an invertible operator M¡ E £(911,) such that

113, +ill IW'(4 - «,)MII < e/p. For * G %, X - (*<,), define T(X) E % by the
operator matrix (3).

^0*0,<i+l*n~+l(5n+l  ~~ Ai+l)*n + l A0X0,pXp~ (Bp ~ ßp)Xp

0 • • • 0

0

M{l(Ax - ax)MxXXp + lBp + x

Mñ\A* ~ an)MnXn,p+lBp*\

(3)
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A0X0,n+ \%n + lBn+ lKn+l  ~ an+\ ßn+\X0,n+l '      ' AoXa,pKp   BpKp        apßpX0,p

A\X\,n+\Bn+\  ~~ "n+lAi+l-^Ln+l '   '   ' A\X\,pBp ~ apßpXl,p

AnXn,n+\Bn+\  ~ an+\ ß„+\Xn,n+t  '   '   - AnXn,pBp ~ apßpXn,p

AOX0,p+\Bp+\ ~^X0j,+ \

Mx-lAxMxXlp+xBp + x - axßxXlp+x

M„-xAnM„X„,p+xBp+x - a„ß„X„tP + i

(4)

It follows that T G £(5) satisfies || T|| < e and that for * G j-, R(X) + T(X) =

Q(X), where Q(X) has the matrix (4). Note that Q(X) agrees with (S'|£)(*) except

in row 0 (where B- of S'(X) has been replaced by K/xBjKß and in column p + 1

(where A¡ has been replaced by M~XA¡M¡). Now (i) (above) implies that Q G £($-)

is Fredholm with ind(Q) = ind(B|£). Moreover, (ii) and (hi) imply that Q0J E

£(£(DC,, DCq)) is Fredholm with ind(ôoj) = ind(#oj) (n + I < j < p) and that

Qi>p + X G £(£(Vi> %)) is Fredholm with ind(ß,,,'+,) = ind(B,,, + 1) (1< / < n).

The remaining Qy (= Rß are invertible operators on £(DC^, DC,). Using these

results, Lemma 2.7, and the same method used to show that B|$- is Fredholm, it

now follows that S'\% (= S%(A', B') - X) is Fredholm and that

ind(S'|£) = ind(ö) = ind(B|£)

=    2     ind(¿ - aßm(B, ßß - ¿   ind(B - ßi)m(A, a,).      (*)
j' — n + 1 i=l

Thus Proposition 2.5 implies that S A A, ß) — A is Fredholm and that

ind(Sj(^, B) - A)

is given by (*). The proof of Theorem 3.1 is complete.

The next result summarizes the index calculation in the preceding proof.

Theorem 3.8. Let X E o(Sf(A, B)) \ oe(S%(A, B)) (= a(A)o(B) \ a(A, B)). Then

X =£ 0 and there exist integers p and n, p > 0 and p > n > 0, distinct nonzero points

a,, . . . , Op G a(A) \ ae(A), and distinct nonzero points /?,,..., ß G a(B) \ ae(B)

such that:

(i) {(a, ß) G a(A) X a(B): aß = A} = {(a,, ft)}?.,;

(ii) if n > 1, then a,, . . . , a„ are isolated in a(A);

(iii) if p > n, then ßn+,,..., ßp are isolated in a(B); moreover,

p

ind(S%(A, B) - X) =    2     ind(^ - aßm(B, ßß
j = n + \

- 2  ind(B - ßi)m(A, a,).
i = i
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Remark. If each ß, is isolated in a(B), we may take n = 0 and delete

{(a,, ß,), . . . , (an, ßß); if each a, is isolated in a(A), we may take p = n and

delete {(an + x, ß„+1), . . . , (a^,, ß^,)}. In general, the above decomposition is not

unique since there may exist points a and ß such that a is isolated in a(A), ß is

isolated in a(B), and aß = X £ ae(S^(^, B)). In this case, however, since

ind04 - a) = ind(B - ß) = 0, neither ind(^ - a)m(B, ß) nor ind(B - ß)m(A, a)

contributes to ind(S^(A, B) - A).

By a minor modification of the preceding proofs (replacing the norm ideal $• by

£(DC)), we arrive at the following description of the essential spectrum and index

function of S (A, B).

Theorem 3.9. ae(S(A, B)) = a(A, B) = a(A)ae(B) u ae(A)a(B). If X G

<j(S ) \ a(A, B), then ind(S (A, B) — X) is calculated as in Theorem 3.8.

Recall that an operator T E £(DC) is quasitriangular if there exists a sequence of

finite rank projections {P„} c £(DC) such that P„ A 1 and ||(1 - P„)TP„\\ -> 0 [18].

T is biquasitriangular if T and T* are quasitriangular. By a remarkable theorem of

C. Apóstol, C. Foias, and D. Voiculescu [3], T G £(DC) is nonquasitriangular if and

only if there exists A G C such that T — X is semi-Fredholm with negative index.

Thus T is biquasitriangular if and only if ind( T — X) = 0 for each scalar A such

that T — X is semi-Fredholm.

In a companion note [15] we determine the semi-Fredholm domain and index

function of SA A, B) (or S (A, B)) and we deduce that if A and B* are quasitrian-

gular, then ind(SjL4, B) — A) attains only nonnegative values. In particular, if 91

is the ideal of all Hilbert-Schmidt operators in £(DC) endowed with its Hubert

space structure [16, p. 108], and if A and B* are quasitriangular, then Se^fA, B) E

£(91) is quasitriangular. In the following example (which depends only upon our

present results) we exhibit operators A and B such that A,A*,B, and B* are

nonquasitriangular, but Sa^A, B) is biquasitriangular.

Example 3.10. Let U denote a unilateral shift of multiplicity one in £(DC). Let A

in £(DC) satisfy A usi U © \ U*2 and let B = A. Familiar results about the spec-

trum of the shift imply that A and A* are nonquasitriangular. We assert that

S = Svn(A, B) is biquasitriangular. Let D denote the closed unit disk; thus a(S) =

a(A)a(B) = D. It suffices to prove that if A G D, then S — X is not semi-Fredholm.

Let a = a,(A)are(B) U ole(A)or(B); thus a = alr(A, B) = ar,(A, B). Since ar(A) =

D and 1 G ale(B), then a = D. Lemma 3.2 implies that if X E D and S — X is

semi-Fredholm, then ind(S — A) = +00, while Lemma 3.3 implies that ind(5 — A)

= -00. Thus S — X is semi-Fredholm if and only if A £ D, and [3] implies that S is

biquasitriangular. Is S quasidiagonal?

Our proof of the inclusion a(A, B) c ae(S^(A, B)) required an application of

Voiculescu's theorem [24], namely Lemma 2.12. The reverse inclusion, given in the

second part of the proof of Theorem 3.1, does not depend on this result and can

easily be translated into a Banach space context. Let % denote an infinite-dimen-

sional complex Banach space and let A, B G £(%). Define S = S (A, B) G

£(£(%)) by S(X) = AXB. Lumer and Rosenblum [20, Theorem 10] proved that
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a(S(A, B)) = a(A)a(B). By replacing orthogonal direct sum decompositions in the

Hubert space case by nonorthogonal decompositions based on the Riesz functional

calculus, it is not difficult to modify the proof of Theorem 3.1 so as to yield the

following result.

Theorem 3.11. If A and B are in £(%), then ae(S(A, B)) c a(A, B) = ae(A)a(B)

U a(A)ae(B). 7/A G a(A)a(B) \ a(A, B), then X =£ 0 and ind(§04, B) - A) is given

as in Theorem 3.8.

Question 3.12. Is the inclusion a(A, B) c ae(S(A, B)) valid in the Banach space

case?

For a discussion of related results and questions concerning the operator

'S (A, B), see the concluding remarks of [13, §3].

We conclude by considering the elementary operators studied by Lumer and

Rosenblum [20] and Embry and Rosenblum [9]. Let % denote a Banach space and

let {Aj}"=x and {B,}"=, denote commuting families in £(9C). (No commutativity

between the ^4,'s and the B,'s is assumed.) Let R¡ G £(£(9C)) be defined by

Ri(X) = A¡XB¡, and let 31 = 2?=, R,. It follows from [20, Theorem 4] that

tr(ft) C 2   o(A,)a(B,)

= j 2  «,ßr «, G a(Aß, ß,. G a(Bi), l < i < n j. (*)

Equality in (*) is obtained if n = 1 or if certain functional relationships between

the B,'s are satisfied [9], [20, Theorem 10]. We next provide an analogue of (*) for

essential spectra.

Theorem 3.13.

o.m C 2 (°-KK(ß,.) U a^Xfi,)). (**)
i-1

Proof. Since the A/s commute and the B,'s commute, the B,'s also commute.

For T E £(£(%)),   let f denote the image of T in £(£(%))/DC(£(9C)), where

DC(£(9C)) denotes the ideal of all compact operators on £(9C); thus ae(T) = a(T)

[21, p.   120]. Since the 7^,'s commute, a standard application of the Gelfand

representation (as in [20, Theorem 4] or [4]) and Theorem 3.13 imply that

otm = am c 2 <>(&,)
i=\

= 2  "M C 2 {o(A)ae(B^ U o-^Hß,));
;=1 1=1

the proof is complete.

We will not pursue the question of equality in (**), although better results seem

likely for the special cases studied in [9] and [20], particularly in the Hubert space

case. Note, however, that even for n = 1, we are unable to prove equality in (**)

for the Banach space case (cf. Question 3.12). Moreover, in the Hilbert space case,

equality in (**) fails for the operator 'S (A, B) [13].
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For the Hubert space case (9C = DC) we have an analogue of (**) for the

restriction of <3l to a norm ideal $-, 91^.

Theorem 3.14.

oe{%) C 2 (o<XK(B,.) u o-MHB,.)). (•*•)
1 = 1

Proof. The proof is similar to that of Theorem 3.13. Note that the B,|$-'s

commute and thus {Rj\fy}"=x c £(^)/DC($-) is a commuting family. The Gelfand

representation and Theorem 3.1 imply that

ae(%) = a{%) C 2   a(Rjf)
.' = 1

= 2   o.(m) = 2 HAt)o.(Bß U ae(AMBß).
i=i i=i

Theorem 3.1 shows that the inclusion (***) reduces to an equality if n = 1, but in

general Theorem 3.14 is not sharp. For the operator S^(A, B), the right-hand side

of (***) is equal to a(A) — a(B), but the following result shows that ae(S^(A, B))

has a different description.

Theorem 3.15. ae(Sf(A, B)) = ae(S(A, B)) = (a(A) - ae(B)) u (ae(A) - a(B))

and indC^ - A) = ind(?T - A) for each A G C \ ae(Sß.

Proof. The proof consists of systematically revising the proof of [13, Theorem

3.1] using the norm ideal techniques employed in the proofs of Theorems 3.1 and

3.8. We omit the details.
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