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ESSENTIAL SPECTRA OF ELEMENTARY OPERATORS
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ABSTRACT. This paper describes the essential spectrum and index function of the
operator X — AXB, where A, B, and X are Hilbert space operators. Analogous
results are given for the restriction of this operator to a norm ideal and partial
analogues are given for sums of such operators and for the case when the operators
act on a Banach space.

1. Introduction. The purpose of this note is to describe the Fredholm essential
spectrum and index function for a class of operators of the form X — AXB, where
A, B, and X are Hilbert space operators. We also describe the essential spectra and
index functions of the restrictions of these operators to norm ideals. These results
thus complement the spectral analysis of multiplications initiated by Lumer and
Rosenblum [20].

Let IC denote a separable, infinite-dimensional, complex Hilbert space and let
£(3C) denote the algebra of all bounded linear operators on JC. For operators A4
and B in £(3(), let § = §(4, B) and § = F(4, B) denote the operators on £(I()
defined by S(X) = AXB and 9(X) = AX — XB. More generally, let
{A,,...,A,} and {B,, ..., B,} denote commutative subsets of £(J(), and define
the elementary operator R on £(JC) by R(X) = 7., 4,XB; [20]. Spectral proper-
ties of %R were studied by Lumer and Rosenblum (in the more general context of
Banach algebras), who proved the spectral inclusion formula

o(R) { S B o € o(4). B € o(B), 1 <i < } *)

i=1
[20, Theorem 4].

In terms of applications, the most important elementary operators are the
multiplications & (4, B) and the generalized derivations §(A4, B); these have been
studied in great detail from a variety of viewpoints (e.g. [1], [2], [8], [10]). For these
operators, the spectral inclusion (*) reduces to equality [20, Theorem 10], [9,
Theorem 3.2). Moreover, the spectral analysis of generalized derivations is essen-
tially complete: the right and left spectra [11], the approximate point and defect
spectra [7], the essential spectrum [13], the case of dense range [12], and the
semi-Fredholm domain and index function [14] have all been described. In this
note we provide the analogue of [13] for multiplications; the remainder of the
spectral analysis for multiplications appears in a companion paper [15]. The
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techniques we use here are very similar to those employed in [13], but the results
themselves are almost entirely independent of [13].

For a norm ideal (%, || - [|Il) in £(JC), let S = S¢(4, B) denote the restriction of
S to §; clearly & and &4 are bounded operators on £(J() and §, respectively. §§2
and 3 are devoted to proving the identity

0,(8) = 0,(84) = o(4)o,(B) U 0,(4)0(B)
(Theorems 3.1, 3.9) and to describing the index functions of & and &¢ (Theorem
3.8). (82 is actually a listing of preliminary lemmas which can be referred to as
necessary in §3.) §3 also contains an essential spectral inclusion formula for
elementary operators (Theorem 3.13), the analogue of (*) for essential spectra.

The remainder of this section is devoted to notation and terminology. Let %X
~ denote a complex Banach space and let £(%X) denote the algebra of all bounded
linear operators on %X. For T in £(%X), let o(T) denote the spectrum of T and let
6,(T) and g,(T) denote, respectively, the right and left spectra of T.

Let ker(T) and R(T) denote the kernel and range of 7. Let nul(T) =
dim(ker(7)) and let def(7) = dim(X /R (T)~) (where R(T)~ denotes the norm
closure of R (T)). For x € %X, let [x] denote the image of x in X /R (T)~. The
operator T is semi-Fredholm if R(T) is norm closed and either nul(7T) < oo or
def(T") < o0; in this case the index of T is defined by ind(7T) = nul(7) — def(T). T
is Fredholm if R(T) is closed and both nul(7T) and def(T) are finite. Let o,(7)
denote the Fredholm essential spectrum of T, i.e. 6,(T) = {A € C: T — Al is not
Fredholm}. Thus o0,(7T) coincides with the spectrum of the image of T in the
quotient algebra £(X)/H(X), where K (X) denotes the ideal of all compact
operators on %X [21, Chapter VII, Theorem 2, p. 120].

Let JC denote a separable infinite-dimensional Hilbert space and let T be in
£(JC). Let T denote the image of T in the Calkin algebra £(3C)/ ¥ (). Let 6,.(T)
and ¢, (7T) denote, respectively, the right and left essential spectra of T, i.e.
0,(T) = o,(T) and 0,(T) = a(T). A hole in o,(T) is a bounded component of
C\a,(T) [22, p. 2]; for the basic facts about essential spectra of Hilbert space
‘operators, we rely on the presentation in [22], from which we will borrow freely.

We require certain facts about norm ideals in £(3C) (symmetrically-normed ideals
in the sense of [16]). If (%, ||| - |||) is a norm ideal, X € ¢, and if A and B are in
£(90), then ) IX || < [IX[| (16, p. 69%; Gi) I X[l = IIX*|ll [16, p. 68}, and (iii)
IIAXBI| < [[A|l X1l 1Bl [16, p. 68]; we will use these results without further
reference. We will also make reference to [5] and [16] concerning ideal sets and the
notion of affiliation to an ideal. Because the results of [5] and [16] are presented
only in the context of separable Hilbert space, we have also formulated our results
in this setting. We note, however, that the main results of this paper are valid in the
nonseparable case, and the interested reader may wish to reformulate the results of
[5] and [16] so as to cover this case.

Let 5(3) and A(I) denote, respectively, the groups of all invertible and
unitary operators in £(J(). We denote similarity and unitary equivalence by ~ and
=~ . In the sequel we will employ certain extensions of these relations. Operators T
and S in £(I() are approximately similar (T ~ S) if there exists a sequence
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{X,} € S(IC) such that sup,||X,|| < oo, sup,|| X, < oo, and lim|| X, 'TX, — S||
=0 [17). T and S are approximately unitarily equivalent (T =z S) if there exists a
sequence {U,} C A(IC) such that lim|UFTU, — S|| = 0 [17], [24]. Approximate
similarity and approximate unitary equivalence are equivalence relations in £(3().

2. Preliminaries. Let X denote a complex Banach space and let T be in £(%X).

Let
y(T) = inf{|| Tx||: x € X, dist(x, ker(T)) > 1}

[2], [19, Chapter 1V, p. 231]; the range of T is closed if and only if y(7T) > 0 [19,
Chapter IV, Theorem 5.2]. Let IC denote a separable infinite-dimensional Hilbert
space. For 4 and B in £(3(), let & = S(4, B) denote the operator on £(I()
defined by S(X) = AXB (X € £(J()). For a norm ideal (¢, ||| - |||) in £(JIC), let
S¢ = $4(4, B) € £(%) denote the restriction of & to §. We start by recording
some results about y(3,) that will be cited frequently in the sequel.

LemMa 2.1. If J € §(IC) and \ € C, then
Y(S4(J7'4J, B) = A) < ||| [V 711v(S4(4, B) = A).

PROOF. We assume first that ||J|| = 1. Let {X,} C ¢ be a sequence such that
dist(X,,, ker(S¢(4, B) — N)) > 1 and |[|4X,B — AX, || <v(S¢(4, B) =N + 1/n
forn> 1.IfZ € ker(gg(J"AJ, B) — M), then A(JZ)B =A(JZ). Thus Y =JZ €
ker(&¢4(4, B) — M) and so || X, — Y||| > 1. Now

X, = ZII = WX, — DIl > /DX, — Yl > 1,
and thus dist(J ~'X,,, ker(S4(J ~'4J, B) — X)) > 1. It follows that
¥(84(J7'4J, B) = A) < [|J7'AI(J'X,) B — M X, ||
< IHUHIAX,B = AX I
< 7 (Sy(4, B) = N) +1/n),
whence 7(85(./ 4, B) — N < |J "||y(53(A, B) — A). For an arbitrary J €
S (90), the preceding case implies that ‘
¥(S4(J 47, B) = A) = ¥(S;(I IV "4(I/ 7)), B) — A)
< I 1v(S4(4, B) = ).
LEMMA 2.2. For A € C, ¥(54(4, B) — ) = y(S¢(B*, 4*) — N.
PrROOF. Let {X,} C $ be a sequence such that dist(X,, ker(54(4, B) — ) > 1
and
14X, B — AX, || < y(S4(4, B) —A) + 1/n forn > 1.
IfY € % and B*YA* = AY, then AY*B = AY* and so || X} — Y||| = ||| X, — Y*||
> 1. Thus dist(X}, ker(S4(B*, 4*) — A)) > 1. Now
v(S5(B*, 4%) = X) < ||| B*XyA* — AXX||
= 14X, B — AX, || <v(34(4, B) — A) + 1/n.
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Thus y(54(B*, A*) — N < _y(Sg(A, B) — A) and the result follows by replacing A
by B*, B by A*, and A by A.

LemMMA 23. If A ~A’ and B B’, then R.(54(4, B) — )\) is closed if and only if
R(S(A’, B) =N is closed.

PrOOF. We assume first that B’ = B. There exists a sequence {X,} C S(I() and
there exists M > 0 such that || X, || <M, | X,'|| <M (n > 1) and || X, '4X, — 4|
—0.ForK € ¢,

(X, '4X,KB — AK) — (A’KB — AK)||
= (X, "4X, — A")KBI|| < ||X,'4X, — 4'|| || K[| || B,
and thus
lim||(S¢(X,'4X,, B) — A) — (§4(4’, B) = N)|| =
Lemma 2.1 implies that
Y(S4(X,'4X,, B) = A) > (1/ (1,11 1X,'1))¥(S4(4, B) — A)
> (1/M?)¥(S4(4,B) =A)  (n > 1),
and it follows from [2, Lemma 1.9] that
v(54(4’, B) — ) > (1/M?)¥(S4(4, B) — N).
Thus R (54(4’, B) — M) is closed if R(S4(4, B) — M) is closed, and the converse
follows by symmetry.
The general case follows from this case and Lemma 2.2 by the following
sequence of implications.
o 1(S,(B*, A™) = X) > 0> y(S4(B*, 47*) — ) > 0
< ¥(54(4’, B') — A) > 0.
LEMMA 24. If A ~ A’ and B ~ B’, then nul(54(4, B) — A) = nul(54(4’, B') — A)
and def(54(4, B) — A) = def(54(4', B') — N).

PrOOF. Let U and V denote invertible operators such that 4’ = U'4U and
B’ = V~'BV. The mapping X — UXV ! is an isomorphism of ker(S}(A’ B)—X)
onto ker(S,(A B) — M). Similarly, the mapping [Y]— [UYV ] is an isomorphism
of corange(54(4’, B’) — A) onto corange(S¢(4, B) — A).

PROPOSITION 2.5. If A ~A’ and B~ B, then S4(A, B) — X is semi-Fredholm if
and only if 5$(A' B — A is semi- Fredholm, and in this case

nul(§4(4, B) — A) = nul(54(4’, B') — A),
def(S4(4, B) — A) = def(54(4', B') — M),

and
ind(84(4, B) — A) = ind(&4(4’, B') — A).
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PrOOF. There exist uniformly bounded sequences {X,} C §(3() and {Y,} C
S (JC) such that {X;'} and {¥,’'} are uniformly bounded, lim|| X, '4X, — 4’| =0,
-and lim||Y,'BY, — B’|| =0. If $44’, B) — X is semi-Fredholm, then, since
{S4(X, "AX Y"BY) — A} converges to S¢(4’, B) — A in £(%), it follows from
[19, Chapter IV, Theorem 5.22, p. 236] that for a sufficiently large value of n,
Sy¢(X,'4X,, Y, 'BY,) — X is semi-Fredholm with

nul(§y(X,'4X,, Y,'BY,) — A) < nul(S4(4’, B') — M),
def(S¢(X,'AX,, Y, 'BY) A) < def(S4(4’, B') — ),
and
ind(S¢(X,'4X,, Y,'BY,) — A) = ind(§¢(4’, B’) — A).
Lemmas 2.3 and 2.4 now imply that 8$(A B) — A is semi-Fredholm and that
nul(S¢(4, B) — A) = nul(S¢(X,'4X,, Y,'BY,) — A)
< nul(84(4', B') — A),
def(S¢(4, B) — ) = def(S4(X,'4X,, Y,'BY,) — )
< def(54(4', B') — M),
and
ind(8¢(4, B) — A) = ind(S¢(X,'4X,, Y,'BY,) — A)
= ind(54(4’, B') — \).
The result follows by the symmetry of approximate similarity.

LEMMA 2.6. nul(S4(4, B) — A) = nul(S4(B*, 4*) — N and def(S4(4, B) — A) =
def(Sg(B* A*) — N\). Moreover, Sg(A B) — X\ is semi-Fredholm if and only if
Sg(B* A*) — X is semi-Fredholm, and in this case lnd(gj(A B) — ) =
ind(54(B*, 4*) — N).

Proor. The mapping X — X* is a conjugate linear isomorphism of

ker(54(4, B) —A) onto ker(S,(B‘, A*) — 7\);
similarly, the mapping [X] — [X*] is a conjugate linear isomorphism of
corange(S¢(4, B) —A) onto corange(Sg(B‘, A*) — X).

The result follows from these observations and an application of Lemma 2.2.
We require slightly different versions of Lemmas 2.1 and 2.4. Let 3(, and G,

denote nontrivial Hilbert spaces of arbitrary dimensions with 4 € £(3(,) and ...

B € £(3(,). Define S = $(4, B) € £(£(I(,, I,)) by S(X) = AXB. It follows
from [9, Theorem 3.2] that ¢(S) = o(A4)o(B).

LemvMa 2.7. Let NEC. If A'~A and B’ ~ B, then nul(S(4’, B) — ) =
nul($ (4, B) — \), def(S (4’, B') — \) = def(S(4, B) — ), and S(A’, B') — A has
closed range if and only if &(A, B) — \ has closed range. In particular, S (A’, B') —
A is semi-Fredholm if and only if S(A, B) — \ is semi-Fredholm, and in this case
ind(S (4’, B’) — A) = ind(S (4, B) — \).
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ProOF. The proof is a slight variation of the proofs of Lemmas 2.1 and 2.4; we
omit the details.

In the next lemma we return to our previous context (3G = 3G = I
(separable)).

Lemma 28 [4], [20]. o(Sy(4, B)) = o(S(4, B)) = o(4)s(B); if A€
C\o(S(4,B)and X € ¢, then (S — N)'(X) € §.

ProoFr. The identity o(S (A4, B)) = o(A)o(B) is due to Lumer and Rosenblum
[20, Theorem 10], and the identity 0(83(A, B)) = o(A)a(B) was first given by
Brown and Pearcy [4] (cf. [9]). Recall from [9, Theorem 3.2] that if A & o(5 (4, B)),
then

(5(4, B) = 1)7'(X) = z—i,—,.fr(Az -N'X(z - B dz,

where T is the boundary of a Cauchy domain D that contains 6(B) and such that
Az — A is invertible for all z in D ™. It follows as in the proof of [10, Theorem 3.20]
(concerning (7(4, B) — A)™") that if X € ¢, then (S(4, B) — N)'(X) € §.

Recall that if 3, and J(, are infinite-dimensional (separable) Hilbert spaces,
4 c £(3G) is a norm ideal, and T € £(X,, I(), then T is said to be affiliated with
¢ if the characteristic sequence of (T*T)'/? belongs to the ideal set of ¢ [5]. For
A € () and B € £(9(,) consider § = 5(4, B) € L(L(K,, K,)) as defined

above.

LEMMA 29. Let § be a norm ideal in 2(3(,) and let A€ C\o(S). If X €
£(9C,, 9C,) is affiliated with §, then (5 — N)7'(X) is affiliated with §.

PrOOF. Let U: I(; — I(, be an isometric isomorphism of J(; onto J(,. Let L,:
£(3G, I,) - £(IG,) be defined by L (Y) = UY, and let L,.: £(3G) — £(3G, I3G)
be defined by Ly.(Y)= U*Y; clearly Ly. = L;'. Define R= L,SL,. €
£(£(304)) and note that

(R - >\)_| = (Ly(5 — A)Lw)-l = Ly(s - }‘)‘lLU"

If X € £(3G, K,) is affiliated with ¢, then UX € §. Since R — A =

S(UAU*, B) — A, Lemma 2.8 implies that (R — A" (UX) € . Now
UG —N'(X) = Ly(S = N 'Ly=(UX) = (R = N)7'(UX) € §,
and thus (S — A)7(X) is affiliated with .

Let JC be a separable infinite-dimensional Hilbert space and let 9 and 9

denote proper infinite-dimensional subspaces of JC. Let ¢ denote a norm ideal in

£(IC) and let ¢’ denote the (unique) norm ideal in £(9N) having the same ideal
set, J, as that of ¢. Consider the identification

£(I0) = L(K & K) = L(OM* @ M, N & NH),

and for X € £(30), let
(Xn XIZ)
XZI X22

denote the operator matrix of X relative to this decomposition.
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LemMa 2.10. If X ,: I — U is affiliated with §’ and X ,,, X5,, and X, are finite
rank operators, then X € §.

PRrOOF. Since X,,, X,,, and X,, are finite rank operators, it suffices to prove that
the operator Y with matrix
( 0 X, )
0 O

belongs to . Since X,, is affiliated with }’, the characteristic sequence of
(X%X,,)"/? belongs to J; [6, Lemma 1.2] implies that the characteristic sequence of
(Y*Y)"/? = Ogr. D (X1X,,)"/? also belongs to J and the result follows.

We next record a simple but useful topological fact.

LEMMA 2.11. Let QU and Y denote open bounded nonempty subsets of the plane and
let a« € WU, B E V. Then there exists a positive real number t, such that (i)
toa € bdry(U) and B/ty € YV, or (ii) tya € WU and B/t, € bdry(V).

PRrOOF. Since AU and Y are open, a € AU, B € V, there exists 8 > 1 such that if
1 <t<4, then ta € AU and B/t € V. Since U is bounded, there exists §, > &
such that §ya € bdry(U) and ta € U for 1 <t < 8. If B/8, € V™, we may set
to =8y If B/8y & V, then since V is bounded and open, there exists §,, 1 < §; <
8o, such that 8/8, € bdry(V). Since 1 < §, < 8y, 8,0 € AU, so we may set 1, = §;;
the proof is complete.

We conclude this section with some results from [13] and [14] that we will cite
frequently in the sequel. The first result is due to C. Apostol [2, Lemma 2.2] (in a
slightly different form) and depends on D. Voiculescu’s noncommutative Weyl-
von Neumann theorem [24].

LeEMMA 2.12 [13, LEMMA 2.10). Let IC be an infinite-dimensional Hilbert space and
let T be in £(30).

() If 0 € 6/(T), then either nul(T) > 0 or 0 € 0,(T); if O € 0, (T), then there
exists S & T such that nul(S) = co. ’

(i) If 0 € 6,(T), then either nul(T*) > 0 or 0 € 0, (T); if O € 0,.(T), then there
exists S ~ T such that nul(S*) = oo.

LEMMA 2.13 [13, LEMMA 2.14]. Let IC be a Hilbert space and let T be in £(3C). If
o(T) = U/, o;, where each o, is a nonempty closed subset of o(T) and o, N 0 =0
for i # j, then there exists an orthogonal decomposition ) = 3, & - - - ®I(, and
operators T, € £(3(,), such that o(T)) = o; (1 < i < n) and such that T is similar to
T'=T,®--- 8T,

Consider the case when, for some i, o; = {A} (a singleton) and 7 — A is
Fredholm. In this case the Riesz subspace for T corresponding to {A} is finite
dimensional and we denote its dimension by m(T, A). If we denote this subspace by
M, then there exists k > 0 such that M = {x € I: (T — N*x = 0}. Moreover,
M is isomorphic to the subspace I(; described in Lemma 2.13 (since I(; is the
Riesz subspace for T’ corresponding to {A}), and thus dim(9() = dim(9M) =
m(T, N) (< o).
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Let JC and K be nontrivial Hilbert spaces with K finite dimensional. For
T € £(IC) define L, € L(L(K, I()) by LX) = TX. Define R, € L(L(I, K))
by R{(X) =

LemMa 2.14 [14, Lemma 3.5], [13, LemMa 29]. If T is Fredholm, then Ly is
Fredholm with ind(L;) = ind(T)dim(X) and Ry is Fredholm with ind(R;) =
—ind(T)dim(X).

3. Essential spectra of multiplications. In this section we characterize the essential
spectra and index functions of the multiplications & (4, B) and Si(A, B). The main
result, which follows, is the analogue of the Brown-Pearcy identity o(Sg(A, B)) =
o(A)a(B) [4].

THEOREM 3.1. 6,(54(4, B)) = 0,(4)a(B) U 0o(A)a,(B).

Throughout this section, unless otherwise noted, JC denotes a separable
infinite-dimensional Hilbert space, 4, B € £(3(), and (%, ||| - |||) denotes an arbi-
trary norm ideal in £(3(). It is convenient to introduce the following notation:

o =0(4, B) = o,(A)o(B) U o(4)0.(B);

alr(A’ B) = OI(A)ore(B) U ole(A)or(B);

orI(A’ B) = or(A)oIe(B) U ore(A)ol(B);

0,(A, B) = a/(A)0,(B) U 0,(A)o/B);

O'”.(A, B) = or(A)ore(B) U O',e(A)U,.(B);
clearly

o = 0,(4, B) U 0,(4, B) U 0y(4, B) U 0,(4, B).

We begin the proof of Theorem 3.1 with a sequence of lemmas which together
show that o C 0,(54(4, B)).

LEMMA 3.2. 6,(4, B) C 0,(S4(A, B)); moreover, if A € 6,(4, B) and Sy(A, B) —
X is semi- Fredholm, then ind(54(A, B) — A) =

PROOF. Let A € 0,(A, B). It follows from Lemma 2.12 that there exist a € o/(A),
B E0,(B), A’ ~A and B’~ B such that af = A and (i) nul(4’ — a) = oo and
def(B’ — B) > 0 or (ii) nul(A’ —A) >0 and def(B’ — B) = . Let ¥, and I,
denote copies of IC and consider the decompositions

I, = ker(4’ — a) ® R((4" — a)*)”
and
3G =ker((B' — B)*) ® R(B" - B) .

Relative to these decompositions, the operator matrices of 4’ € £(3(,), B’ €

£(3G), and X € £(30) = L£(3G, I() are of the form

A,=(°‘ Al2), B’=(B 0), X=(Xn an).
0 Ay By By Xn Xy
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Let 5 = {X € £(¥): X5, X,,, and X, are zero operators and X, is a finite rank
operator}. A calculation shows that for X € %, A’XB’ — a8X = 0. Since (i) and
(ii) (above) imply that £ (ker((B’ — B)*), ker(4’ — a)) is infinite dimensional, then
¥ c ¢ is infinite dimensional, and thus nul(5¢(4’, B') — A) > dim(¥) = oo. Thus
S,{(A’, B’) — X is not Fredholm, and if $¢(4’, B') — A is semi-Fredholm, then
ind(S,(A’, B’) — A) = +00. The result now follows from Proposition 2.5.

LEMMA 3.3. 6,(4, B) C 0,(54(4, B)); Moreover, if X € 6,(A, B) and $A, B) —
A is semi- Fredholm, then ind(54(4, B) — A) = —oo.

Proor. If A € 0,,(A4, B), then Lemma 2.12 implies that there exist a € 0,(4),
B € o(B), A’~ A, and B’ B such that af = A and (i) nul((4" — a)*) = oo and
nul(B’ — B) > 0, or (ii) nul((4’ — a)*) > 0 and nul(B’ — B) = . Relative to the
decompositions

3G =W =ker((4' — a)*) ® R(4' — )~
and

3G =K =ker(B' — B) ® R((B' - B)*) ",
the operator matrices of 4’ € £(3(,), B’ € £(3() and X € £(I() = £(IG, I()

are of the form

A’=(°‘ 0), B = B BIZ’ X = Xn Xl2).
Ay Ay 0 By X Xp

Let ¥ = (X € £(¥0): X;;, X,,, and X,, are zero operators and X, is a finite
rank operator}. For X € §, a calculation shows that the matrix of A’XB’ — AX is
of the form (°?), and thus def(54(4’, B') — A) > dim(%) = co. The result now
follows from Proposition 2.5.

LeMMA 3.4. 6,(4, B) C 6,(S4(4, B)).

ProOF. We give the proof for the inclusion 6,(4)0,(B) C 6.(54(4, B)); the proof
of the other inclusion is similar and will be omitted. Let a € 6/(A4), B € 0,(B), and
let A = af; we seek to show that 54(4, B) — A is not Fredholm.

If a € 0,(A4), the result follows from Lemma 3.3, and if B8 € o,,(B), the result
follows from Lemma 3.2. We may thus assume that a € U = 0(4) \ 6,(4) and
that 8 € V =o0,(B)\ 0,(B). U and V are bounded open subsets of the plane and
Lemma 2.11 implies that there exists a positive real number ¢, such that

(i) toa € bdry(U) and B/t, € V~, or

(ii) toa € A and B/, € bdry(V).

In case (i), fpa € bdry(U) C 6,(4) and B/t, € V™~ C 0,(B); thus
A = (t,a)(B/1to) € 0,(A4)0,(B)

and the result follows from Lemma 3.3. In case (ii), f,a € U C 0,(4) and B/, €
bdry(V) C o,.(B), so the result follows from Lemma 3.2.

LEMMA 3.5. 6,,(4, B) C 0,(54(4, B)).
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PROOF. If A € 0,(4, B), then A € 0,(4* B*) and Lemma 3.4 implies that
d¢(B*, A*) — A is not Fredholm. The result now follows from Lemma 2.6.
We note that the preceding two proofs actually show that

oy(4, B) U 0,(4, B) C 0,(A4, B) U 0,(4, B).
ProOOF OF THEOREM 3.1. It follows immediately from Lemmas 3.2-3.5 that
o(A4)c(B) U o,(A)o(B) C 0,(34(4, B)).
To prove the reverse inclusion we require the following two preliminary lemmas.

LEMMA 3.6. If a € o(A), B € o(B), and A\ = a8 & o(A, B), then a is an isolated
point of a(A) or B is an isolated point of o(B).

PROOF. Suppose to the contrary that « is not isolated in o(4) and B is not
isolated in o(B). Since a € o(A4), B € o(B), but aff & a(A4, B), then a & 0,(4) and
B & o,(B). Thus there exists a hole U in 6,(4) and a hole V in o,(B) such that
a €U Co(dA)\o,(4) and B € V C o(B) \ 0,(B). Lemma 2.11 implies that there
exists ¢ > 0 such that

(i) ta € bdry(U) and B/t € V~, or

(i) ta € U and B/t € bdry(V).

In case (i), since bdry(U) C 6,(4) and V™ C o(B), we have

A =ap = (ta)(B/1) € 0,(4)0(B) C o(4, B),
a contradiction. In case (ii), since bdry(‘V) C ¢,(B) and U C o(4), we have
A= (ta)(B/1t) € 6(A)o,(B) C o(A, B),
also a contradiction. The proof is complete.

LemMa 3.7. Let A € o(A)o(B)\ 6(A, B). Then A # 0 and the set {(a, ) € 0(A)
X o(B): a3 = A} is finite.

PROOF. Suppose to the contrary that A = 0. Since 0 € o(A4)0o(B), either 0 € a(A)
or 0 € a(B). In the first case, since o,(B) # I, it follows that 0 € 6(4)0,(B) C
o(A4, B), a contradiction; if 0 € o(B), then 0 € g,(4)a(B), which is also a con-
tradiction. Thus A # 0 and it suffices to prove that X = {(a, B) € o(A4) X o(B):
af3 = A} is finite.

Suppose the contrary and let {(a,, 8,)} -, denote a sequence of distinct points
of X. Note that for n # m, a, # a,, and B, # B,,; for if @, = a,,, then 8, =A/a,
= \/a,, = B,, which contradicts the assumption that the points are distinct.
Similarly, B, # B,, for n # m. Passing to a subsequence if necessary, we may
assume that a, > a and B8, — B; clearly a € 6(4), B € o(B), and af =\ &
a(A4, B). However, since a is not isolated in 0(4) and B is not isolated in o(B), we
have a contradiction to Lemma 3.6.

We are now in a position to prove that oe(Sg(A, B)) C o(4, B). Since, from
Lemma 2.8, 0(54(A4, B)) = o(A4)o(B), it suffices to prove that if

A € o(A)o(B) \ o(A, B),
then 54(4, B) — A is Fredholm; we will also compute ind(Sg(A, B) — M) in this
case.



ESSENTIAL SPECTRA OF ELEMENTARY OPERATORS 167

Let I, and IC, denote copies of I, A € £(I(;) and B € £(I(). We identify
R(IC) with £(IG, I() and regard S(4, B) as an operator on £(3(,, I(;). Let
A € 6(A)a(B) \ o(A, B). It follows from Lemmas 3.6 and 3.7 that there exist
integers p and n, p > n > 0, p > 0, distinct nonzero points a;, . .., &, ..., &, €
o(A4)\ 0,(A4), and distinct nonzero points By, ..., B, ..., B, € a(B)\ o,(B) such
that the following properties are satisfied:

M a8 =A1<i<p;

(2) if n > 0, then q; is isolated in 6(A4), 1 <i < n;

(3)if p > n, then B, is isolated in o(B), n + 1 < i < p;

@) {(a, B) € o(A4) X o(B): aB = A} = {(&, B)}mr.

(It may happen that each B; is isolated in o(B), in which case we may take n = 0
and {(a;, By), - - - » (a,, B,)} is missing. Similarly, if each a; is isolated in o(A4), we
may take p = n, so that {(a,,, B,+1)s - - - 5 (@, B,)} is missing. In the sequel we
assume that 1 < n < p; the other cases entail certain obvious modifications (sim-
plifications) of the following argument.)

From Lemma 2.13, there exists an orthogonal decomposition I(; = I,
@ - - - ®IM, and operators 4, € £(I;) (0 < i < n) such that

(5) 9, is finite dimensional, 1 < i < n;

©6)o(4) ={a;},1 <i<n

Mo(d) N {ay, ..., 0} =D

(8)A issimilarto4’ = A, A, D - - - BA4,.

Similarly, there exists an orthogonal decomposition 3G, = ¥, ,, ® - - - ®H &
X, .+, and operators B; € £(;) (n + 1 <i < p + 1) such that

(9) K, is finite dimensional, n + 1 < i < p;

(10)o(B) = {B),n + 1 <i < p;

(D 0(B,s) N (Busrs--- B} =B

(12) BissimilartoB’'=B,, & - - - ®B,,,

Our goal is to show that S;(A’, B’) — A is Fredholm and to calculate its index,
for the result will then follow from Proposition 2.5. Relative to the above decom-
positions of 3(; and I, let (X;)ocicn, n+1< < p+1 denote the operator matrix of an
operator X € £(30) = £(3G, IG); thus X; € £(K;, I(). As a notational conve-
nience we will refer to the rows of any such operator matrix as row 0, . . ., row n,
and to the columns as columnn»n + 1, ..., column p + 1. .

Sinced"=A4,® - - - ®4,andB' =B, ® - - ©B,, |, foreach X = (X)) €
£(9C), the matrix of S’ (X) =A'XB’ — A\X is of the form (1)

[-AOXO.n+IBn+| = @1 Bus 1 Xops1 " " AoXopB, — B, X0,  AoXop+1Bpi1 — AXopan
A\ Xy i1 By — 1B Xipsr - A le apoXIp Alxl,p+pr+l - Ble,p-o-l
A3 Xy p 1 Bsy — an+lﬁn+IX2,n+l e 2X2,p apoXZp A2X2,p+pr+l - ”‘zﬂzxz,pﬂ

A n Xon+1Bas1 — o‘n+an+|Xn,n+l o Anxn,po - “poXn,p A an+l p+1 anﬁnxn,pﬂ

()
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( (AO - an+l)X0,n+an+l o (AO - ap)XO,po AOXO,p+IBp+l - AIY(),I"I-I
A Xy pie1Boir — U1 B 1 X1 par st Ale.po - apoXl.p alxl,p+l(Bp+l - Bl)
A2X2.n+an+l - “n+|Bn+|X2,n+| e Azxz,po - "‘poxz,p aZXZp-'-I(Bp-O-l - Bz) . (2)

LAan,n+an+l T Opy n+an,n+l T Aan,po - apoXn.p aan,p+l(Bp+l - Bn)

For X € £(J0), let R(X) be defined by the matrix which modifies the first row
and last column of S’(X) as in (2). We will prove that R|4 is Fredholm and then
conclude that Sg(A’, B) — A = §’| is Fredholm by a perturbation argument.

Let Ry(X), X € (%, ), 0<i<n n+1<,<p+ 1, be the operator on
£(%;, IG) defined by the row i, column j entry of R(X). It follows from (4), (7),
(8), (11), and (12) that A & o(A4p)o(B, ), so [9, Theorem 3.2] implies that R,, , ., =
S(Ag B,,)) — A is invertible. Let 1 <i <n and n+ 1<, < p. Since o(4,) =
{a} (1 <i<n)and o(B) = {B;} (n + 1 < j < p), and since the Bs are nonzero
and the a;’s distinct, it follows that o;8; & 0(4,)o(B)). Thus R; = S(4,, B) — a;3;
is invertible for 1 <i <nandn+1 <, < p[9).

To show that R|$ has closed range, let {X,}%., C ¢, Y € ¢, and suppose that
IIR(X,) — Y|l >0. Let P, (0 <i <n) denote the orthogonal projection of I(,
onto M, and let Q; (n + 1 < j < p + 1) denote the projection of 3G, onto ‘JCJ For
each i andj,

IR ((X1);) — Yyll = IP(R(X,) — Y)Q
< IIP(R(X,) — Y)Qlll < lIR(X,) — Y| 0.

Since Y € ¢, then PyYQ,,, € §, and [6, Lemma 2.1] implies that Y ,,, is
affiliated with the ideal $’ C £(%,,,) whose ideal set is identical to that of §.
Since R,,,, is invertible, Lemma 2.9 implies that there exists X, ,,, €
L(H, 41, Io) such that X, ., is affiliated with " and Ry, (Xo,+1) = Yo 41
For 1 <i<n and n+ 1<, <p, R; is invertible; thus there exists X; €
£(J;, IG) such that R;(X;) = Y,; note that since K; and I(; are finite dimen-
sional, each such Xj; is a finite rank operator.

We consider next the operators R, ;, n + 1 < j < p, defined by

Roj(X) = (40— a)XB, (X € £(3;, 3G))-

Since o; & 0,(4) = 0,(A4"), (8) (above) implies that 4, — a; is Fredholm; therefore,
since ¥ is finite dimensional, Lemma 2.14 implies that Ry ; is Fredholm and

ind(R, ;) = ind(4, — a;)dim(%})
= ind(4’ — o)m(B’, B) = ind(4 — a;)m(B, B)).
In particular, since R,; has closed range, there exists X, ; € £(X;, ) such that

Ry (X,,) = Y, . Similarly, since J is finite dimensional and B,,, — B, is Fred-
holm (1 <i < n), then R, ,,, is Fredholm for 1 <i < n, and

ind(R; ,,,) = ~ind(B,,, — B)dim(,)
= —ind(B’ — B)m(A’, ;) = —ind(B — B)m(4, ;).
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In particular, there exists X; ,,, € £(X,,,, IG) such that R, ,, (X, ,41) = ¥, 4,
(1<i<n).

Let X € £(J(, J(,) be defined by the operator matrix (X). Since X, ,,, is
affiliated with §’ and Xj; is a finite rank operator for i # 0 or j #p + 1, Lemma
2.10 implies that X € ¢. Since R(X) = Y, it follows that R|$ has closed range.

To calculate the index of R|$, note that R; is invertible fori > 0 andj <p + 1,
and R, ., is invertible. Since J(; (1 <i'<n) and K; (n + 1 <j < p) are finite
dimensional, it follows that

P n
nul(R|$) = nul(R) = 1 nul(R, ;) + g} nul(R,,,,) < o

Jj=n+

and

def(R|$) = def(R) = é def(R, ;) + i def(R, ,,,) < 0.
i=1

Jj=n+1

Thus R|$ is Fredholm and

ind(R|}) = i ind(R,,) + i ind(R;, 1)
i=1

Jj=n+1

= ﬁ‘, ind(4 — a))m(B, B) — i ind(B — B)m(4, ).

j=n+1 i=1

[19, Chapter 1V, Theorem 5.22, p. 236] implies that there exists ¢ > 0 such that
@) if S € £(%) and ||R|$ — S|| <&, then S is Fredholm and ind(S) = ind(R|$);
@) if S € £((K;, Ip)) and ||S — Ry,|| <e, then S is Fredholm and ind(S) =
ind(Ry ), n + 1 < j < p; (iid) if § € L(E(H,,,, IG)) and ||S — R, || <e, then
S is Fredholm and ind(S) = ind(R, ,,), | <i < n.

Forn+1<,<p, B — B; is nilpotent; thus there exists an invertible operator
K, € £(%;) such that || 4|l || K '(B, — B)K)|| <e/p. Similarly, since 4, — a; is
nilpotent for 1 < i < n, there exists an invertible operator M; € £(9I;) such that
1B, 41l 1M;7'(4; — a)M;|| <e/p. For X € §, X = (X,), define T(X) € § by the
operator matrix (3).

AOXO,n+IKrr_4I-I(Bn+I =B K ono.pxp_l(Bp - Bp)xp
0 c. 0
0 0

0
M (A4, — a)M\X, 1B,y

Mu_l(An - an)Man,p+pr+l

(€)
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AOXO,n+1Kn_lIBn+IKn+I - an+lﬁn+lX0,n+l e ono.pr_prKp - apﬁpXO,p
A Xy pe1Brir — LY S SRR A X, ,8B, - apﬁpxl,p

Aan,n+an+l - an+IBn+an.n+l to Anxn,po - apoXn,p

A0X0,p+pr+l - A’\,O:I""l
MI"A,MlX,_PHBpH = BiXy 4

Mn_ AnMan,p+pr+l - anﬂnxn,p+l

4
It follows that T € £(%) satisfies || T'|| < ¢ and that for X € §, R(X) + T(X) =
Q(X), where Q(X) has the matrix (4). Note that Q(X) agrees with (S’|$)(X) except
in row 0 (where B; of S'(X) has been replaced by Kj"BjK;.) and in column p + 1
(where A; has been replaced by M;'4,M,). Now (i) (above) implies that Q € £(%)
is Fredholm with ind(Q) = ind(R|%). Moreover, (i) and (iii) imply that Q,; €
E(E(K;, IQ)) is Fredholm with ind(Q, ;) = ind(R,;) (n + 1< j < p) and that
Q. p+1 € B(E(XK, 41, IG)) is Fredholm with ind(Q, ,,,) = ind(R; ,,,) (1 <i < n).
The remaining @, (= R;) are invertible operators on £(X;, J(;). Using these
results, Lemma 2.7, and the same method used to show that R|$ is Fredholm, it
now follows that S’|$ (= 54(4’, B) — A) is Fredholm and that

ind(5']§) = ind(Q) = ind(R|%)
= S ind(4 - a)m(B,B) - 3 ind(B - Bym(d, a).  (¥)

j=n+1 i=1
Thus Proposition 2.5 implies that Sg(A, B) — A is Fredholm and that
ind(Sg(A, B) —))
is given by (). The proof of Theorem 3.1 is complete.
The next result summarizes the index calculation in the preceding proof.

THEOREM 3.8. Let A € 0(54(4, B))\ oe(Sg(A, B)) (= o(A)o(B) \ o(A, B)). Then
A # 0 and there exist integers p and n,p > 0 and p > n > 0, distinct nonzero points
ay ..., a, € o(4)\ o,(A), and distinct nonzero points B, ..., B, € o(B)\ o (B)
such that:

(@) {(@ B) € o(4) X o(B): aB = A} = {(a B))os;

@ii)if n > 1, then ay, . . ., a, are isolated in o(A);

(iii) if p > n, then B, ,,, . . ., B, are isolated in o(B); moreover,

ind(S,(4,B) —\) = 3 ind(4 — a)m(B, )

Jj=n+1

- é ind(B — B)m(4, ;).

i=1
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ReMARk. If each f; is isolated in o(B), we may take n =0 and delete
{(a, By, . - ., (a,, B)}; if each «; is isolated in o(A4), we may take p = n and
delete {(a,1, By+1)s - - -5 (@5, B,)}. In general, the above decomposition is not
unique since there may exist points « and 8 such that a is isolated in o(A4), B is
isolated in o(B), and af = A & 0,(54(4, B)). In this case, however, since
ind(4 — a) = ind(B — B) = 0, neither ind(4 — a)m(B, B) nor ind(B — B)m(A, )
contributes to ind(54(4, B) — A).

By a minor modification of the preceding proofs (replacing the norm ideal ¢ by
£(3()), we arrive at the following description of the essential spectrum and index
function of & (4, B).

THEOREM 3.9. 0,(5(A4, B)) = o(4, B) = o6(A)o,(B) U o,(4)a(B). If A €
d(S)\ o(A4, B), then ind(S (A4, B) — N) is calculated as in Theorem 3.8.

Recall that an operator T € £(I() is quasitriangular if there exists a sequence of
finite rank projections {P,} C £(JC) such that P, >>1and ||(1 — P,)TP,|| -0 [18].
T is biquasitriangular if T and T* are quasitriangular. By a remarkable theorem of
C. Apostol, C. Foiag and D. Voiculescu [3], T € £()) is nonquasitriangular if and
only if there exists A € C such that 7 — A is semi-Fredholm with negative index.
Thus T is biquasitriangular if and only if ind(7T — A) = O for each scalar A such
that 7 — A is semi-Fredholm.

In a companion note [15] we determine the semi-Fredholm domain and index
function of $4(4, B) (or &(4, B)) and we deduce that if 4 and B* are quasitrian-
gular, then ind(S¢(4, B) — A) attains only nonnegative values. In particular, if 9
is the ideal of all Hilbert-Schmidt operators in £(3() endowed with its Hilbert
space structure [16, p. 108], and if A and B* are quasitriangular, then S« (4, B) €
£(9) is quasitriangular. In the following example (which depends only upon our
present results) we exhibit operators 4 and B such that 4, A*, B, and B* are
nonquasitriangular, but S4(A4, B) is biquasitriangular.

EXAMPLE 3.10. Let U denote a unilateral shift of multiplicity one in £(3(). Let 4
in £(9C) satisfy 4 ~ U @ 3 U*? and let B = 4. Familiar results about the spec-
trum of the shift imply that 4 and A* are nonquasitriangular. We assert that
S = Sg(4, B) is biquasitriangular. Let D denote the closed unit disk; thus 6(S) =
o(A4)a(B) = D. It suffices to prove that if A\ € D, then S — A is not semi-Fredholm.

Let 6 = 0/(A4)0,.(B) U 0,(A4)0,(B); thus o = 6,(4, B) = 0,(A4, B). Since 6,(4) =
D and 1 € g,(B), then 0 = D. Lemma 3.2 implies that if A€ D and S — A is
semi-Fredholm, then ind(S — A) = + oo, while Lemma 3.3 implies that ind(S — A)
= —00. Thus § — A is semi-Fredholm if and only if A &€ D, and [3] implies that .S is
biquasitriangular. Is S quasidiagonal?

Our proof of the inclusion o(4, B) C 0,(54(4, B)) required an application of
Voiculescu’s theorem [24], namely Lemma 2.12. The reverse inclusion, given in the
second part of the proof of Theorem 3.1, does not depend on this result and can
easily be translated into a Banach space context. Let X denote an infinite-dimen-
sional complex Banach space and let 4, B € £(%X). Define & = §(4, B) €
E(E(%X)) by S(X) = AXB. Lumer and Rosenblum [20, Theorem 10] proved that
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o(& (A4, B)) = o(A)a(B). By replacing orthogonal direct sum decompositions in the
Hilbert space case by nonorthogonal decompositions based on the Riesz functional
calculus, it is not difficult to modify the proof of Theorem 3.1 so as to yield the
following result.

THEOREM 3.11. If A and B are in £(X), then 6,(S (A, B)) C o(A, B) = o,(A)o(B)
U o(A)e,(B). If A € 6(A)o(B) \ o(A, B), then A # 0 and ind(S(A4, B) — M) is given
as in Theorem 3.8.

QUESTION 3.12. Is the inclusion 6(4, B) C 6,(S (A4, B)) valid in the Banach space
case?

For a discussion of related results and questions concerning the operator
5 (A, B), see the concluding remarks of [13, §3].

We conclude by considering the elementary operators studied by Lumer and
Rosenblum [20] and Embry and Rosenblum [9]. Let X denote a Banach space and
let {4,}7., and {B;}7., denote commuting families in £(%X). (No commutativity
between the A4’s and the B’s is assumed.) Let R, € £(£(%X)) be defined by
R(X) = A,XB;, and let R = 37_, R;. It follows from [20, Theorem 4] that

n

o(R)c X o(4;)o(B;)

i=1

= [ 2 a,B:a; € o(4,), B € 6(B),1 <i < n}. (%)

i=1
Equality in (*) is obtained if n = 1 or if certain functional relationships between
the B;’s are satisfied [9], [20, Theorem 10]. We next provide an analogue of (*) for
essential spectra.

THEOREM 3.13.

0(R) C 3 (o(4)0.(B) U o,(4)a(B)). (+9)

i=1
PROOF. Since the 4,’s commute and the B;’s commute, the R;’s also commute.
For T € £(2(%X)), let T denote the image of T in £(£(%X))/ K (L(X)), where
H(L(X)) denotes the ideal of all compact operators on £(%X); thus o,(T) = o T)
[21, p. 120]. Since the ﬁi’s commute, a standard application of the Gelfand
representation (as in [20, Theorem 4] or [4]) and Theorem 3. 13 imply that

0(R) = o() 2 oK)

= 21 o (R) C 21 (o(4,)0.(B;) U 0.(4,)0(B)));
the proof is complete.

We will not pursue the question of equality in (x+), although better results seem
likely for the special cases studied in [9] and [20], particularly in the Hilbert space
case. Note, however, that even for n = 1, we are unable to prove equality in (++)
for the Banach space case (cf. Question 3.12). Moreover, in the Hilbert space case,
equality in (*#) fails for the operator (4, B) [13].
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For the Hilbert space case (X = J() we have an analogue of (+*) for the
restriction of @ to a norm ideal ¢, "JL}

THEOREM 3.14.
2(8y) C 3 (o(4)2(8) U a(4)o(B)). ()

ProOF. The proof is similar to that of Theorem 3.13. Note that the R|$’s
commute and thus {R|$}7., C £($)/H (%) is a commuting family. The Gelfand
representation and Theorem 3.1 imply that :

o.(Rg)

n

o(@y) c S o(R[$)

i=1

S a(Rlf) = 3 ((4)o(B) U a(A)a(B)).

i=1

Theorem 3.1 shows that the inclusion (*#**) reduces to an equality if n = 1, but in
general Theorem 3.14 is not sharp. For the operator ‘i\',(A, B), the right-hand side
of (**x) is equal to 6(A4) — o(B), but the following result shows that ae(",T,(A, B))
has a different description.

TuEoREM 3.15. 0,(34(4, B)) = 0,(3(4, B)) = (6(4) — 0,(B)) U (3,(4) — o(B))
and ind(Jg — A) = ind(T — M) for each A € C\ 0,(Ty).

ProoF. The proof consists of systematically revising the proof of [13, Theorem
3.1] using the norm ideal techniques employed in the proofs of Theorems 3.1 and
3.8. We omit the details.
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